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In [C. Lele, S. Moutari, M.L.N. Mbah, Algorithms and computations for foldedness of
p-ideals in BCI-algebras, J. Appl. Logic 6 (4) (2008) 580–588], the notion of the n-fold
p-ideals in BCI-algebras as a generalization of p-ideals in BCI-algebras, is introduced, but
we show that an ideal is an n-fold p-ideal if and only if it is a p-ideal, and that the
results of the mentioned paper is the same as those in [Y.B. Jun, J. Meng, Fuzzy P -
ideals in BCI-algebra, Math. Japon. 2 (1994) 271–282, X.H. Zhang, J. Hao, S.A. Bhatti, On
p-ideals of a BCI-algebra, Punjab Univ. J. Math. 27 (1994) 121–128]. In this paper we
observe that, the notions of (m,n)-fold p-ideals and fuzzy (m,n)-fold p-ideals, for each
positive integers m,n, are indeed the natural generalization of p-ideals and fuzzy p-ideals,
respectively. A characterization of (m,n)-fold p-ideals and fuzzy (m,n)-fold p-ideals is
given, and conditions for which an ideal (respectively fuzzy ideal) is an (m,n)-fold p-ideal
(respectively fuzzy (m,n)-fold p-ideal) are studied. We also establish extension properties
for (m,n)-fold p-ideals and fuzzy (m,n)-fold p-ideals. Furthermore, we construct some
algorithms to determine whether certain ﬁnite sets provided with a well deﬁned operation,
are BCI-algebras, (m,n)-fold p-ideals, fuzzy subsets or fuzzy (m,n)-fold p-ideals.
© 2009 Elsevier B.V. All rights reserved.
1. Preliminaries
BCK/BCI-algebras are two important classes of logical algebras introduced by Iséki in 1966 (see [4,5,14]). Since then,
several works have been dedicated to the theory of BCI/BCK/MV/BL-algebras with a focus on ideals and ﬁlters of these
classes of algebras.
From the logical point of view, various ideals correspond to various sets of provable formulas [1,6,7,16]. In 1965,
Zadeh [18] introduced the concept of fuzzy sets which has been successfully applied to many mathematical disciplines. In
1991, O. Xi [17] applied the concept of fuzzy sets to BCI-algebras and introduced the notion of fuzzy ideals in BCI-algebras.
In this paper, we introduce a general theory of the notion of (m,n)-fold and fuzzy (m,n)-fold p-ideals in BCI-algebras.
Thanks to the concept of fuzzy point, we establish several properties of (m,n)-fold and fuzzy (m,n)-fold p-ideals in BCI-
algebras. We prove, by Corollary 2, that the notion of an n-fold p-ideal is exactly the same as that of a p-ideal in a
BCI-algebra, while the notion of (m,n)-fold p-ideals is a natural generalization of the notion of p-ideals. We conclude that
the results in [C. Lele, S. Moutari, M.L.N. Mbah, Algorithms and computations for foldness of p-ideals in BCI-algebras, J. Appl.
Logic 6 (4) (2008) 580–588] are not actually a non-trivial extension of those for p-ideals, (see [8] and [19]). Indeed, the set
of (m,n)-fold p-ideals is a proper subset of the set of n-fold p-ideals, by Theorem 3 and Example 1. We notice that, the set
of p-ideals is a proper subset of ideals, which appears in [12] and follows from the remark after Deﬁnition 2 and Example 2.
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A. Kordi et al. / Journal of Applied Logic 8 (2010) 22–32 23In [3] the notion of quasi p-ideal is introduced and studied by W.A. Dudek and Y.B. Jun. Notice that the concept of a
weak p-ideal coincides with that of a quasi p-ideal in a quasi BCI-algebra. In [2], Dudek shows that if a BCI-algebra X is
a BCI-quasi group then every ideal of X is a p-ideal. We also consider conditions under which, an ideal (respectively fuzzy
ideal) is (m,n)-fold p-ideal (respectively fuzzy (m,n)-fold p-ideal). Furthermore, we establish the extension property for an
(m,n)-fold p-ideal and fuzzy (m,n)-fold p-ideal. Afterwards, we construct some algorithms to determine whether certain
ﬁnite sets provided with a well deﬁned operation, are BCI-algebras, (m,n)-fold p-ideals, fuzzy subsets or fuzzy (m,n)-fold
p-ideals.
By a BCI-algebra we mean an algebra (X; ∗,0) of type (2,0) satisfying the following axioms:
(BCI-1) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0,
(BCI-2) (x ∗ (x ∗ y)) ∗ y = 0,
(BCI-3) x ∗ x = 0,
(BCI-4) x ∗ y = 0 and y ∗ x = 0 imply x = y,
for all x, y, z ∈ X . We can deﬁne a partial ordering “” on X by x y if and only if x ∗ y = 0.
The following statements are true in any BCI-algebra X :
(1.1) (x ∗ y) ∗ z = (x ∗ z) ∗ y,
(1.2) x ∗ 0 = x,
(1.3) (x ∗ z) ∗ (y ∗ z) x ∗ y,
(1.4) x y implies x ∗ z y ∗ z and z ∗ y  z ∗ x,
(1.5) 0 ∗ (x ∗ y) = (0 ∗ x) ∗ (0 ∗ y),
(1.6) x ∗ (x ∗ (x ∗ y)) = x ∗ y.
A mapping μ : X → [0,1], where X is an arbitrary non-empty set, is called a fuzzy set in X . A fuzzy set μ in a set X is
called a fuzzy point if it takes the value 0 for all y ∈ X except one, say, x ∈ X . If its value at x is α ∈ (0,1] we denote this
fuzzy point by xα , where the point x is called its support.
Let FP(X) denotes the set of all fuzzy points in X and deﬁne a binary operation ◦ on FP(X) by
xλ ◦ yμ = (x ∗ y)min{λ,μ};
where ∗ is a binary operation on X . If (X,∗,0) is a BCI-algebra, then
(QBCI-1) ((xα ◦ yβ) ◦ (xα ◦ zγ )) ◦ (zγ ◦ yβ) = 0min{α,β,γ } ,
(QBCI-2) (xα ◦ (xα ◦ yβ)) ◦ yβ = 0min{α,β} ,
(QBCI-3) xα ◦ xβ = 0min{α,β} ,
for all xα, yβ, zγ ∈ FP(X). But the following does not hold:
(QBCI-4) xα ◦ yβ = yβ ◦ xα = 0min{α,β} implies xα = yβ .
Hence we know (see [3]) that FP(X) may not be a BCI-algebra, and so we call FP(X) the quasi BCI-algebra.
For a fuzzy set μ in a BCI-algebra X we deﬁne the set FP(μ) of all fuzzy points in X covered by μ to be the set
FP(μ) = {xα ∈ FP(X) | α μ(x),0 < α  1
}
.
Deﬁnition 1. A non-empty subset I of X is called an ideal of X if it satisﬁes:
(I1) 0 ∈ I ,
(I2) x ∗ y ∈ I and y ∈ I imply x ∈ I .
Deﬁnition 2. A non-empty subset I of X is called an p-ideal of X if it satisﬁes condition (I1) and
(I3) (x ∗ z) ∗ (y ∗ z) ∈ I and y ∈ I imply x ∈ I .
Putting z = 0 in (I3), we can see that every p-ideal is an ideal.
Following [12], we deﬁne the notion of an (m,n)-fold p-ideal. For any elements x and y of X , we denote respectively
(. . . ((x ∗ y) ∗ y) ∗ . . .) ∗ y and (. . . ((xα ◦ yβ) ◦ yβ) ◦ . . .) ◦ yβ by x ∗n y and xα ◦n yβ , where y and yβ occurs n-times. Note
that we change the notation x ∗ yn in [12] to x ∗n y.
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(PI1) 0 ∈ I ,
(PI2) (x ∗m z) ∗ (y ∗n z) ∈ I and y ∈ I implies x ∈ I .
In the case m = n, an (n,n)-fold p-ideal is called an n-fold p-ideal of a BCI-algebra X (see [12, Deﬁnition 3.1]).
In the following we give a non-trivial example of an (m,n)-fold p-ideal, where m,n are different odd positive integers.
Example 1. Consider a BCI-algebra X = {0,a,b, c} with the following Cayley table:
* 0 a b c
0 0 a b c
a a 0 c b
b b c 0 a
c c b a 0
It is easy to show that I = {0,a} is an 1-fold p-ideal (and also n-fold p-ideal) of X , but it is not an (m,n)-fold p-ideal,
whenever m is odd and n is even. This is because (b ∗m b) ∗ (0 ∗n b) = 0 ∈ I and 0 ∈ I , but b /∈ I . Also routine calculations
show that I is an (m,n)-fold p-ideal, whenever m,n is odd.
Theorem 1. Every (m,n)-fold p-ideal is an ideal.
Proof. Put z = 0 in (PI2), then the result follows. 
Example 2. Consider a BCI-algebra X = {0,a,b} with the following Cayley table:
* 0 a b
0 0 0 b
a a 0 b
b b b 0
It is easy to show that I = {0} is an ideal of X , but it is not an (m,n)-fold p-ideal. This is because (a ∗m a) ∗ (0 ∗n a) ∈ I
and 0 ∈ I , but a /∈ I .
Theorem 2. Let I be an ideal of BCI-algebra X and m,n are natural numbers with m n. Then we have the following statements:
(i) If I is an (m,n)-fold p-ideal of X , then 0 ∗ (0 ∗n−m+1 x) ∈ I implies that x ∈ I .
(ii) Assume that for all x ∈ X, 0 ∗ 12 (n−m)(n−m+1) x ∈ I . If 0 ∗ (0 ∗n−m+1 x) ∈ I implies x ∈ I , then I is an (m,n)-fold p-ideal of X .
Proof. (i) Let I be an (m,n)-fold p-ideal of X . Putting k = n −m + 1, then
(x ∗m x) ∗ (0 ∗n x) 0 ∗ (0 ∗k x) ∈ I,
since 0 ∈ I , therefore x ∈ I .
(ii) For all x, y, z ∈ X , assume that (x ∗m z) ∗ (y ∗n z), y ∈ I , then we have
((0 ∗ (0 ∗n−m+1 x)) ∗ y) ∗ ((x ∗m z) ∗ (y ∗n z)) = ((((0 ∗ x) ∗m (0 ∗ z)) ∗ ((0 ∗ y) ∗n (0 ∗ z))) ∗ (0 ∗n−m+1 x)) ∗ y
= ((((0 ∗ y) ∗m (0 ∗ z)) ∗ ((0 ∗ y) ∗n (0 ∗ z))) ∗ (0 ∗n−m+1 x)) ∗ x
 (((0 ∗ y) ∗ ((0 ∗ y) ∗n−m (0 ∗ z))) ∗ (0 ∗n−m+1 x)) ∗ x
= (((0 ∗ y) ∗ (0 ∗ (y ∗n−m z))) ∗ (0 ∗n−m+1 x)) ∗ x
 ((0 ∗n−m z) ∗ (0 ∗n−m+1 x)) ∗ x
 (0 ∗n−m z) ∗ (0 ∗n−m x)
= (0 ∗ (0 ∗n−m x)) ∗n−m z. (1)
Putting s = (x ∗m z) ∗ (y ∗n z) and ti = ((0 ∗ (0 ∗n−m−(i−2) x)) ∗ y) ∗ s, we get ti = ti+1 ∗ x, for 1 i  n −m + 1. Then, by (1)
we have
t1 = ((0 ∗ (0 ∗n−m+1 x)) ∗ y) ∗ s (0 ∗ (0 ∗n−m x)) ∗n−m z.
Therefore
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= (((0 ∗ (0 ∗n−m x)) ∗ y) ∗ s) ∗n−m z
= t2 ∗n−m z.
Now, after ﬁnite steps, we deduce that
((. . . ((((t1 ∗ y) ∗ s) ∗ y) ∗ s) ∗ . . .) ∗ y) ∗ s ((. . . (t2 ∗n−m z) ∗ . . .) ∗ y) ∗ s
= (((. . . ((t2 ∗ y) ∗ s) ∗ . . .) ∗ y) ∗ s) ∗n−m z
.
.
.
 ((. . . ((0 ∗(n−m)−(n−m−1) z) ∗(n−m)−(n−m−2) z) ∗ . . .) ∗n−m−1 z) ∗n−m z
= 0 ∗ 12 (n−m)(n−m+1) z ∈ I.
Since y, s ∈ I , t1 = ((0 ∗ (0 ∗n−m+1 x)) ∗ y) ∗ s ∈ I and so 0 ∗ (0 ∗n−m+1 x) ∈ I . Therefore x ∈ I , i.e., I is an (m,n)-fold p-ideal
of X . 
Corollary 1. An ideal I of a BCI-algebra X is an n-fold p-ideal if and only if 0 ∗ (0 ∗ x) ∈ I implies x ∈ I .
Proposition 1. (See [19].) An ideal I of a BCI-algebra X is an p-ideal if and only if 0 ∗ (0 ∗ x) ∈ I implies x ∈ I .
By Proposition 1 and Corollary 1, we can deduce:
Corollary 2. Let I be an ideal of a BCI-algebra X. Then I is an n-fold p-ideal if and only if I is 1-fold p-ideal of X .
Corollary 2 shows that the notion of an n-fold p-ideal is exactly the same as that of a p-ideal of X , however in Example 1
we have seen that the notion of an (m,n)-fold p-ideal is indeed a generalization of the notion of a p-ideal.
Theorem 3. Every (m,n)-fold p-ideal of a BCI-algebra X is a p-ideal.
Proof. Let I be a (m,n)-fold p-ideal of BCI-algebra X . Then by Theorem 2(i), we have for all x ∈ X , 0 ∗ (0 ∗n−m+1 x) ∈ I
implies x ∈ I . Now, by Proposition 1, it is suﬃcient to show that, if 0 ∗ (0 ∗ x) ∈ I then x ∈ I . We observe that
(0 ∗ (0 ∗n−m+1 x)) ∗n−m+1 (0 ∗ (0 ∗ x)) = ((0 ∗ (0 ∗ x)) ∗n−m (0 ∗ x)) ∗n−m+1 (0 ∗ (0 ∗ x))
= (((0 ∗ (0 ∗ x)) ∗ (0 ∗ (0 ∗ x))) ∗n−m (0 ∗ x)) ∗n−m (0 ∗ (0 ∗ x))
= (0 ∗n−m (0 ∗ x)) ∗n−m (0 ∗ (0 ∗ x))
.
.
.
= (0 ∗ (0 ∗ x)) ∗ (0 ∗ (0 ∗ x)) = 0 ∈ I.
Since 0 ∗ (0 ∗ x) ∈ I , 0 ∗ (0 ∗n−m+1 x) ∈ I . Hence by the assumption, we have x ∈ I . 
Theorem 4. Let I and J be ideals of X such that I ⊆ J . If I is an (m,n)-fold p-ideal of X with m  n and 0 ∗ 12 (n−m)(n−m+1) x ∈ I for
all x ∈ X, then so is J .
Proof. Let I be an (m,n)-fold p-ideal of X . It is enough to show that, if 0∗ (0∗n−m+1 x) ∈ J , then x ∈ J . Put t = 0∗ (0∗n−m+1
x) ∈ J . Then we have
(0 ∗ (0 ∗ (x ∗ t))) = (0 ∗ (0 ∗ x)) ∗ (0 ∗ (0 ∗ t))
= (0 ∗ (0 ∗ x)) ∗ (0 ∗ (0 ∗n−m+1 x))
= (0 ∗ (0 ∗ x)) ∗ ((0 ∗ (0 ∗ x)) ∗n−m (0 ∗ x))
= ((0 ∗ x) ∗n−m (0 ∗ (0 ∗ x))) ∗ (0 ∗ x)
= 0 ∗n−m (0 ∗ (0 ∗ x))
= (0 ∗ (0 ∗ (0 ∗ x))) ∗n−m−1 (0 ∗ (0 ∗ x))
= (0 ∗ x) ∗n−m−1 (0 ∗ (0 ∗ x))
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= ((0 ∗ x) ∗n−m−2 (0 ∗ (0 ∗ x))) ∗ x
= (0 ∗n−m−2 (0 ∗ (0 ∗ x))) ∗2 x
.
.
.
= (0 ∗ (0 ∗ (0 ∗ x))) ∗n−m−1 x
= (0 ∗ x) ∗n−m−1 x = 0 ∗n−m x. (1)
On the other hand we have
0 ∗ (x ∗ t) = (0 ∗ x) ∗ (0 ∗ t)
= (0 ∗ x) ∗ (0 ∗ (0 ∗ (0 ∗n−m+1 x)))
= (0 ∗ (0 ∗n−m+1 x)) ∗ x
= ((0 ∗ (0 ∗ x)) ∗n−m (0 ∗ x)) ∗ x
= 0 ∗n−m (0 ∗ x) = 0 ∗ (0 ∗n−m x). (2)
By (1) and (2), we have
0 ∗ (0 ∗n−m+1 (x ∗ t)) = (0 ∗ (0 ∗ (x ∗ t))) ∗n−m (0 ∗ (x ∗ t))
= (0 ∗n−m x) ∗ (0 ∗ (0 ∗n−m x))
= (0 ∗n−m (0 ∗ (0 ∗n−m x))) ∗n−m x
= (((0 ∗ (0 ∗ (0 ∗n−m x))) ∗n−m−1 (0 ∗ (0 ∗n−m x)))) ∗n−m x
= ((0 ∗n−m x) ∗n−m−1 (0 ∗ (0 ∗n−m x))) ∗n−m x
= ((0 ∗n−m−1 (0 ∗ (0 ∗n−m x))) ∗n−m x) ∗n−m x
= (0 ∗n−m−1 (0 ∗ (0 ∗n−m x))) ∗2(n−m) x
.
.
.
= (0 ∗ (0 ∗ (0 ∗n−m x))) ∗(n−m)(n−m) x
= (0 ∗n−m x) ∗(n−m)(n−m) x
= 0 ∗(n−m)(n−m+1) x.
Since (0∗(n−m)(n−m+1) x)∗ (0∗ 12 (n−m)(n−m+1) x) 0∗ 12 (n−m)(n−m+1) x ∈ I , then 0∗ (0∗n−m+1 (x∗ t)) ∈ I . Since I is an (m,n)-fold
p-ideal of X , by Theorem 2 we have x ∗ t ∈ I ⊆ J , i.e., x ∗ t ∈ J . On the other hand t ∈ J and J is an ideal, hence x ∈ J .
Therefore by Theorem 2, J is an (m,n)-fold p-ideal of X . 
Corollary 3. If the zero ideal {0} of X is an (m,n)-fold p-ideal of X such that 0∗ 12 (n−m)(n−m+1) x = 0, then every ideal is an (m,n)-fold
p-ideal.
2. Fuzzy foldness of p-ideals in BCI-algebras
In this section we show that, the set of fuzzy (m,n)-fold p-ideals is a proper subset of the set of fuzzy ideals, by
Theorem 6 and Example 5. Also, we show, by Corollary 5 that, the notion of a fuzzy n-fold p-ideal is exactly the same as
that of a fuzzy p-ideal in BCI-algebras. We notice that, the set of fuzzy p-ideals is a proper subset of fuzzy ideals, which
follows by a similar method which has been employed in Section 1. Also the set of (m,n)-fold weak p-ideals is a proper
subset of the set of weak ideals, by Theorem 6 and Example 5. Also, a fuzzy subset μ of a BCI-algebra X is a fuzzy n-fold
p-ideal if and only if FP(μ) is a n-fold weak p-ideal, by Theorem 5. So that Corollary 5, implies that, the set of n-fold weak
p-ideals are the same as that of weak p-ideals.
Deﬁnition 4. (1). A fuzzy set μ of BCI-algebra X is called fuzzy ideal of X if it satisﬁes
(FI1) μ(0)μ(x),
(FI2) μ(x)min{μ(x ∗ y),μ(y)}.
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(FWI0) for all θ ∈ Im(FP(μ)),0θ ∈ FP(μ);
(FWI1) for all xα, yβ ∈ FP(X), xα ◦ yβ ∈ FP(μ) and yβ ∈ FP(μ) ⇒ xmin{α,β} ∈ FP(μ).
Deﬁnition 5. (1). A fuzzy set μ of BCI-algebra X is called a fuzzy (m,n)-fold p-ideal of X if it satisﬁes (FI1) and
(FI3) μ(x)min{μ((x ∗m z) ∗ (y ∗n z)),μ(y)}.
(2). For a fuzzy set μ in a BCI-algebra X , the subset FP(μ) of FP(X) is called an (m,n)-fold weak p-ideal, if it satisﬁes
(FWI0) and
(FWI2) for all xα, yβ, zγ ∈ FP(X), (xα ◦m zγ ) ◦ (yβ ◦n zγ ) ∈ FP(μ) and yβ ∈ FP(μ) ⇒ xmin{α,β,γ } ∈ FP(μ).
In case m = n, the fuzzy (n,n)-fold p-ideal (“(n,n)-fold weak p-ideal”) is called fuzzy n-fold p-ideal (“n-fold weak p-
ideal”).
Example 3. Consider a BCI-algebra X = {0,a,b, c} with the following Cayley table:
* 0 a b c
0 0 0 c b
a a 0 c b
b b b 0 c
c c c b 0
We deﬁne μ : X → [0,1] in X given by μ(b) = μ(c) = 1/2,μ(0) = μ(a) = 1. By routine calculations, we know that μ is
a fuzzy 1-fold p-ideal of X , but it is not a fuzzy (4,3)-fold p-ideal of X . As μ((2∗4 2)∗ (0∗3 2)) = μ(0) = 1, but μ(2) = 1/2.
In the following a non-trivial example of an (m,n)-fold weak p-ideal is provided, where m = n.
Example 4. Consider a fuzzy set μ deﬁned by Example 3, we have
FP(μ) = {0α,aβ,bγ , cδ | α,β ∈ (0,1], γ , δ ∈ (0,1/2]}.
Simple computations prove that μ is a fuzzy (4,1)-fold p-ideal and FP(μ) is an (4,1)-fold weak p-ideal.
Theorem 5. A fuzzy subset μ of a BCI-algebra X is a fuzzy (m,n)-fold p-ideal if and only if FP(μ) is an (m,n)-fold weak p-ideal.
Proof. Suppose that μ is a fuzzy (m,n)-fold p-ideal. Let  ∈ Im(μ) and suppose that  = μ(x). Since μ is a fuzzy (m,n)-fold
p-ideal, we have μ(0) μ(x) =  and it then follows that 0 ∈ FP(μ). Let (xα ◦m zγ ) ◦ (yβ ◦n zγ ) ∈ FP(μ) and yβ ∈ FP(μ),
then
μ((x ∗m z) ∗ (y ∗n z))min{α,β,γ } and μ(y) β.
Since μ is a fuzzy (m,n)-fold p-ideal, we have
μ(x)min{μ((x ∗m z) ∗ (y ∗n z)),μ(y)}min{α,β,γ },
so that xmin{α,β,γ } ∈ FP(μ).
Conversely, let x ∈ X , we need to show that μ(0)μ(x). Suppose that  = μ(x),  ∈ Im(μ). Since FP(μ) is an (m,n)-fold
weak p-ideal, we have 0 ∈ FP(μ) which means that μ(0)  = μ(x).
For all x, y, z ∈ X , let μ((x ∗m z) ∗ (y ∗n z)) = α and μ(y) = β . Since α,β ∈ Im(μ), 0α,0β ∈ FP(μ). We have
((x ∗m z) ∗ (y ∗n z))min{α,β} = (xα ◦m zγ ) ◦ (yβ ◦n zγ ) ∈ FP(μ) and yβ ∈ FP(μ).
On the other hands since FP(μ) is a (m,n)-fold weak p-ideal, we have xmin{α,β} ∈ FP(μ). It follows that
μ(x)min{α,β} = min{μ((x ∗m z) ∗ (y ∗n z)),μ(y)}. 
Theorem 6. Every fuzzy (m,n)-fold p-ideal (respectively “(m,n)-fold weak p-ideal”) is a fuzzy ideal (respectively “weak ideal”).
Proof. The proof follows by taking z = 0 in (FI3) (zγ = 0 in (FWI2)). 
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* 0 1 2 3
0 0 0 0 0
1 1 0 0 1
2 2 1 0 2
3 3 3 3 0
We deﬁne μ : X → [0,1] in X by μ(2) = μ(1) = 1/2,μ(0) = 1 and μ(3) = 0. By routine calculations, we know that μ
(or FP(μ)) is a fuzzy ideal (weak ideal) of X , but it is not a fuzzy (4,3)-fold p-ideal (“weak p-ideal”) of X . As μ((2 ∗4 2) ∗
(0 ∗3 2)) = μ(0) = 1, but μ(2) = 1/2.
Proposition 2. (See [15].) Let μ be a fuzzy set satisfying (FI1) in a BCI-algebra X. Then μ is a fuzzy ideal if and only if for any
a1, . . . ,an ∈ X,
(. . . (x ∗ a1) ∗ . . .) ∗ an = 0 implies μ(x)min{μ(a1), . . . ,μ(an)}.
Theorem 7. Let μ be an ideal of a BCI-algebra X and m,n are integers such that m n. Then
(i) If μ is a fuzzy (m,n)-fold p-ideal of X , then for all x ∈ X, μ(x)μ(0 ∗ (0 ∗n−m+1 x)).
(ii) Assume for all x ∈ X, μ(0 ∗ 12 (n−m)(n−m+1) x) = μ(0). If μ(x)μ(0 ∗ (0 ∗n−m+1 x)) then μ is a fuzzy (m,n)-fold p-ideal of X .
Proof. (i) Let μ be a fuzzy (m,n)-fold p-ideal of X . Put k = n −m + 1. Since
(x ∗m x) ∗ (0 ∗n x) 0 ∗ (0 ∗k x),
then we have, by Proposition 2, μ((x ∗m x) ∗ (0 ∗n x))μ(0 ∗ (0 ∗k x)). As μ is a fuzzy (m,n)-fold p-ideal of X , so
μ(x)min{μ((x ∗m x) ∗ (0 ∗n x)),μ(0)} = μ((x ∗m x) ∗ (0 ∗n x))μ(0 ∗ (0 ∗k x)).
Therefore μ(x)μ(0 ∗ (0 ∗k x)), for all x ∈ X .
(ii) By proof of Theorem 2, we have
((. . . ((((t1 ∗ y) ∗ s) ∗ y) ∗ s) ∗ . . .) ∗ y) ∗ s 0 ∗ 12 (n−m)(n−m+1) z.
⇒ (((. . . ((((t1 ∗ y) ∗ s) ∗ y) ∗ s) ∗ . . .) ∗ y) ∗ s) ∗ (0 ∗ 12 (n−m)(n−m+1) z) = 0.
Therefore by Proposition 2 and by assumption that μ(0 ∗ 12 (n−m)(n−m+1) z) = μ(0),
μ(0 ∗ (0 ∗n−m+1 x))min{μ(y),μ(s)} = min{μ((x ∗m z) ∗ (y ∗n z)),μ(y)},
where s = (x ∗m z) ∗ (y ∗n z) and t1 = ((0 ∗ (0 ∗n−m+1 x)) ∗ y) ∗ s, for all x, y, z ∈ X . Since μ(x)μ(0 ∗ (0 ∗n−m+1 x)), μ is a
fuzzy (m,n)-fold p-ideal of X . 
Corollary 4. A fuzzy ideal μ of a BCI-algebra X is a fuzzy n-fold p-ideal if and only if μ(x)μ(0 ∗ (0 ∗ x)).
By [8] and Corollary 4, the following statement is hold.
Corollary 5. Let μ be a fuzzy ideal of BCI-algebra X. Then μ is a fuzzy n-fold p-ideal if and only if μ is a fuzzy 1-fold p-ideal of X .
Theorem 8. Every fuzzy (m,n)-fold p-ideal of a BCI-algebra X is a fuzzy p-ideal.
Proof. Let μ be a fuzzy (m,n)-fold p-ideal of X . By proof of Theorem 3, we have
(0 ∗ (0 ∗n−m+1 x)) ∗n−m+1 (0 ∗ (0 ∗ x)) = 0.
Therefore by Proposition 2 and by Theorem 7(i),
μ(x)μ(0 ∗ (0 ∗n−m+1 x))μ(0 ∗ (0 ∗ x)).
Hence μ is a fuzzy p-ideal of BCI-algebra X . 
Theorem 9. Let μ and ν be fuzzy ideals of X such that μ  ν . If μ is a fuzzy (m,n)-fold p-ideal of X such that m  n and
μ(0 ∗ 12 (n−m)(n−m+1) x) = ν(0 ∗ 12 (n−m)(n−m+1) x) ν(0 ∗ (0 ∗n−m+1 x)) for all x ∈ X, then so is ν .
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the proof of Theorem 4, we have
0 ∗ (0 ∗n−m+1 (x ∗ t)) = 0 ∗(n−m)(n−m+1) x.
Since (0 ∗(n−m)(n−m+1) x) ∗ (0 ∗ 12 (n−m)(n−m+1) x) 0 ∗ 12 (n−m)(n−m+1) x, we have
μ(0 ∗(n−m)(n−m+1) x)μ(0 ∗ 12 (n−m)(n−m+1) x).
Since μ is a fuzzy (m,n)-fold p-ideal of X , so
μ(x ∗ t)μ(0 ∗ (0 ∗n−m+1 (x ∗ t))).
Therefore,
ν(x ∗ t)μ(x ∗ t)μ(0 ∗ (0 ∗n−m+1 (x ∗ t)))
= μ(0 ∗(n−m)(n−m+1) x)
μ(0 ∗ 12 (n−m)(n−m+1) x)
= ν(0 ∗ 12 (n−m)(n−m+1) x)
 ν(0 ∗ (0 ∗n−m+1 x)) = ν(t).
Since ν is a fuzzy ideal of X , ν(x)min{ν(x ∗ t), ν(t)} = ν(t), i.e., ν is an (m,n)-fold p-ideal of X . 
Theorem 10. Let μ be a fuzzy ideal of BCI-algebra X, and m n. Then μ is a fuzzy (m,n)-fold p-ideal if and only if, for all t ∈ (0,1],
μt = {x ∈ X | μ(x) t} is either empty or an (m,n)-fold p-ideal of X .
Proof. Assume that μ is a fuzzy (m,n)-fold p-ideal of X , and m  n. Let t ∈ (0,1] and x ∈ μt , so μ(x)  t . Since μ is a
fuzzy ideal, μ(0)μ(x). Thus 0 ∈ μt .
Let x, y, z ∈ X with (x ∗m z) ∗ (y ∗n z) ∈ μt and y ∈ μt . Then
μ((x ∗m z) ∗ (y ∗n z)) t and μ(y) t.
Since μ is a fuzzy (m,n)-fold p-ideal, we have
μ(x)min{μ((x ∗m z) ∗ (y ∗n z)),μ(y)} t.
Therefore x ∈ μt . This proves that the t-level set μt is an (m,n)-fold p-deal of X .
Conversely, assume that μt = {x ∈ X | μ(x) t} is an (m,n)-fold p-ideal of X . We will prove that μ is a fuzzy (m,n)-fold
p-ideal. As μ is a fuzzy ideal of X , μ(0)  μ(x) for all x ∈ X . Next let x, y, z ∈ X , we show that μ(x) min{μ((x ∗m z) ∗
(y ∗n z)),μ(y)} t . If otherwise, there exist x1, y1, z1 ∈ X such that
μ(x1) < min{μ((x1 ∗m z1) ∗ (y1 ∗n z1)),μ(y1)}.
Set t0 = 1/2{μ(x1) +min{μ((x1 ∗m z1) ∗ (y1 ∗n z1)),μ(y1)}. We then have
μ(x1) < t0 < min{μ((x1 ∗m z1) ∗ (y1 ∗n z1)),μ(y1)}.
So x1 /∈ μt0 . But (x1 ∗m z1) ∗ (y1 ∗n z1) ∈ μt0 and y1 ∈ μt0 , which is a contradiction, since μt0 is an (m,n)-fold p-ideal of X .
Therefore, μ is a fuzzy (m,n)-fold p-ideal and the result follows. 
Proposition 3. If μ is a fuzzy (m,n)-fold p-ideal of X , then X˜ = {x ∈ X | μ(x) = μ(0)} is an (m,n)-fold p-ideal of X .
Proof. Assume that μ is an fuzzy (m,n)-fold p-ideal of X . It is clear that 0 ∈ X˜ . Let (x ∗m z) ∗ (y ∗n z) ∈ X˜ and y ∈ X˜ .
μ((x ∗m z) ∗ (y ∗n z)) = μ(0) and μ(y) = μ(0).
Since μ is a fuzzy (m,n)-fold p-ideal,
μ(x)min{μ((x ∗m z) ∗ (y ∗n z)),μ(y)} = μ(0).
But, from the deﬁnition of fuzzy (m,n)-fold p-ideal, we have μ(0)μ(x) for any x ∈ X . Thus μ(x) = μ(0) and x ∈ X˜ . 
3. Concluding remarks
We have introduced and established some properties of the notions of (m,n)-folds and fuzzy (m,n)-folds p-ideals in
BCI-algebras. In Jun, Song and Lele [9], Jun and Meng [8], Liu and Meng [13] and Kordi and Moussavi [10,11] many ideals
in BCI-algebras have been studied with various relations between them. To study ideal theory of BCI/BCK/MV/BL-algebras,
one of the most promising ideas could be the foldness investigation of the other types of ideals and ﬁnd a relation diagram
between them similar as in Liu and Meng [13].
30 A. Kordi et al. / Journal of Applied Logic 8 (2010) 22–32Algorithms
Input (X : set, : binary operation)
Output (“X is a BCI-algebra or not”)
Begin
If X = ∅
then go to (1.);
EndIf
If 0 /∈ X then
go to (1.);
EndIf
Stop := false;
i := 1;
While i  |X | and not(Stop) do
If xi ∗ xi = 0 then
Stop := true;
EndIf
j := 1
While j  |X | and not(Stop) do
If xi ∗ (xi ∗ y j) = 0 then
Stop := true;
EndIf
If (xi ∗ y j = 0) and (y j ∗ xi = 0) then
If xi = y j then
Stop := true;
EndIf
EndIf
k := 1;
While k |X | and not(Stop) do
If ((xi ∗ y j) ∗ (xi ∗ zk)) ∗ (zk ∗ y j) = 0 then
stop := true;
EndIf
EndWhile
EndWhile
EndWhile
If stop then
(1.) Output (“X is not a BCI-algebra”)
Else
Output (“X is a BCI-algebra”)
EndIf
End
Algorithm for (m,n)-fold P -ideals
Input (X : BCI-algebra, I: subset of X,m,n ∈ N);
Output (“I is an (m,n)-fold P -ideal of X or not”);
Begin
If I = ∅ then
go to (1.);
EndIf
If 0 /∈ I then
go to (1.);
EndIf
stop := false;
i := 1;
While i  |X | and not (stop) do
j := 1
While j  |X | and not (stop) do
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While k |X | and not (stop) do
If (xi ∗m zk) ∗ (y j ∗n zk) ∈ I and y j ∈ I then
If xi /∈ I then
stop := true;
EndIf
EndIf
EndWhile
EndWhile
EndWhile
If stop then
Output (“I is an (m,n)-fold P -ideal of X”)
Else
(1.) Output (“I is not an (m,n)-fold P -ideal of X”)
EndIf
End
Algorithm for fuzzy subsets
Input (X : BCI-algebra, A : X → [0,1]);
Begin
stop := false;
i := 1
While i  |X | and not (stop) do
If (μA(xi) < 0) or (μA(xi) > 1) then
stop := true;
EndIf
EndWhile
If stop then
Output (“A is a fuzzy subset of X”)
Else
Output (“A is not a fuzzy subset of X”)
EndIf
End
Algorithm for fuzzy (m,n)-fold P -ideals
Input (X : BCI-algebra, ∗: binary operation, A: fuzzy subset of X );
Output (“A is a fuzzy (m,n)-fold P -ideal of X or not”);
Begin
stop := false;
i := 1;
While i  |X | and not(Stop) do
If μA(0) < μA(xi) then
stop := true;
EndIf
j := 1
While j  |X | and not(Stop)do
k := 1;
While k |X | and not(Stop)do
If μA(xi) < min(μA((xi ∗m zk) ∗ (y j ∗n zk)),μA(y j)) then
Stop := true;
EndIf
EndWhile
EndWhile
EndWhile
If Stop then
Output (“A is not a fuzzy (m,n)-fold P -ideal of X”)
Else
Output (“A is a fuzzy (m,n)-fold P -ideal of X”)
EndIf
End
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